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Abstract 

MTS IN INTERSECTING SUBERC-ED IlSiDUCED JETS 
W.H. C. Maxwell and A. Snorrason 
Department of Civil Engineering 

University of Illinois at Urbana-Champaign 

Simple analytic models are developed using the momentum principle 

to predict the axis of the resultant flow when (a) two jets of the same 

fluid cross and (b) a horizontal water jet is crossed by a vertical jet 

induced by an air bubble source. 

Data was collected for two crossing air jets and two crossing 

water jets. This, together with data fro= another source gives excellent 

agreement with the analytic model. Data over a limited range of relative 

water discharges was collected for the water-bubble screen flow and shows 

good agreement with the analysis in that range. 
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1, INTRODUCTION 

I*1 

The purpose of this report is to present experimental evidence 

that, contrary to the usual assumptions, inte~secting flows may not 

necessarily be combined using vector addition of velocities or momentum 

flux densities. This may be of interest to those interested in the develop- 

ment of mathematical models for intersecting flows e.g. bank discharges 

into cross-flows. 

The experiments conducted here show that when two submerged jets 

of equal diameter cross,backflows occur. This behavior would not be 

predicted by vector combination of velocities or momentum flux densities 

and suggeststhat each jet behaves as though it had encountered a barrier 

or wall. 

Based on the experimental evidence, particularly on measurements 
that showed that the imaginary barrier was approximately a straight line, 
a simple model, based on application of the momentum principle, was 
developed to predict the axis of the combined flow. Additional experimen- 
tal measurementswere collected from the work of other researchers. The 
experiments reported herein involved both air and water jets. 
The original inspiration for conducting the ab~ve experhents 

came from preliminary observations on mixing enhancement at outfalls using 

air bubble screens, The discharge from an outfall behaves like a momentum 

jet elose to the outfall and an air bubble screen induces an upward flow 

of water with increasing entrainment in the upward direction and normal 

water velocity distributions such as those observed in water jets. Thus, 

the basic problem of combining these flows resolves into developing a 

technique f o r  t h e  p red ic t ion  of t h e  flow f i e l d  f o r  two c ross ing  jets of 
t h e  same f l u i d .  
Following t h e  experiments on cross ing  je ts  of t h e  same f l u i d ,  
t h e r e fo r e ,  s e v e r a l  s e t s  of measurements were made i n  t h e  combined flow 
f i e l d  of a ho r i zon t a l  w a t e r  j e t  and t h e  v e r t i c a l  water  jet  induced by 
a po in t  a i r  bubble source.  However, s i n c e  t h e s e  j e t s  spread a t  d i f f e r e n t  
r a t e s  a simple momentum model which assumes t h a t  t h e  f i l amen t s  of maximum 
v e l o c i t y  i n  t h e  s epa r a t e  j e t s  combine t o  g ive  t h e  f i lament  of maximum 
v e l o c i t y  i n  t h e  combined flow f i e l d  was developed t o  p r ed i c t  t h e  combined 
Slow axis. However, t h e  range of r e l a t i v e  d ischarges  i n  these  experiments 
w a s  small and t h e  r e s u l t s  a r e  not  conclusive al though agreement appeared 
t o  be  good, 
9,2 
-
The re sea rch  upon which t h i s  paper is  based was supported by 
t h e  National  Science Foundation under Grant No .  ENG 76-24226 A01 ,  Pre-
l iminary  experimental  measurements were made by Suching Amanda Chiu and 
f i n a l  measurements by Arni Snorrason and Vivian Hsiong, 
P I  WVPEW OF EPTEMTmE 
A thorough review of l i t e r a t u r e  and new ma t e r i a l  dea l ing  wi th  
flows induced by bubble screens  has been presented  by Teke l i  & Plaxwell 
(1978 )  and w i l l  no t  be repeated here .  Here a t t e n t i o n  will be foeussed on 
t h e  a v a i l a b l e  l i t e r a t u r e  dea l ing  wi th  o r  poss ib ly  r e l a t e d  t o  i n t e r s e c t i n g  
jets. 
Abramovich (1963) d e a l s  w i th  t h e  conf igu ra t ion  of a jet i n  a  def lec-
t i n g  flow, i .e. t h e  case  of a  jet expanding i n t o  a stream of f l u i d  a t  an  
angle  to it .  He no tes  t h a t  " the v e l o c i t y  v ec t o r s  behind t h e  jet have compo- 
n e n t s d i r e c t e d coun t e r  t o  t h e  v e l o c i t y  i n  t h e  d e f l e c t i n g  flow which i nd i c a t e s  
a complex conf igu ra t ion  of c i r c u l a t o r y  motion behind t h e  j e t . "  H e  c i t e s  
empir ica l  equat ions  by Shandarov and by Ivanov f o r  t h e  l o c a t i on  of t h e  a x i s  
of a c i r c u l a r  jet d e f l e c t ed  by a uniform flow, He  s uma r i z e s  a t t empt s  t o  
d ea l  w i th  t h e  s o l u t i on  t h e o r e t i c a l l y ,  i nc lud ing  t h e  1934 work of Batur in  
who geometr ica l ly  added t h e  v e l o c i t y  vec to r  of t h e  surrounding flow t o  t h e  
mean v e l o c i t y  vec to r  (averaged over t h e  a rea )  i n  each s e c t i on  of t h e  jet .  
I n  1935 Abramovich combined t h e  flow v e l o c i t y  v ec t o r  wi th  t h e  v e l o c i t y  vec to r  
of t h e  j e t ,  averaged according t o  mass flow i n  a  given s e c t i on  of t h e  je t ,  
I n  1945 Shepelev combined the  stream func t ions  of t h e  j e t  and e x t e r n a l  flow. 
A l l  of t h e s e  methods a r e  v a l i d  only f o r  i d e a l  f l u i d s  and m y  be considered 
only as rough approximations. In p a r t i c u l a r  they do not  p r ed i c t  t h e  back 
flow and c i r u l a t i o n  observed on t h e  downstream s i d e  of a jet en te r ing  a 
cross-flow. Because many p r a c t i c a l  problems involve  d i f f e r e n t  d e n s i t i e s  of 
t h e  two f l u i d s  he concent ra tes  on an a n a l y t i c  proceedure proposed by 
Volinskiyof f ind ing  t h e  curva ture  of t h e  je t ' s  a x i s  by balancing t h e  pres-  
s u r e  d i f f e r e n t i a l  between t h e  f r o n t  and back su r faces  by a c en t r i f uga l  f o r c e ,  
Since t h i s  technique requ i res  a howledge  of t h e  i n i t i a l  values of t h e  j e t ' s  
v e loc i t y  and shape he r epo r t s  another simple method by Shandorov involving 
vector  addi t ion  of v e l o c i t i e s .  
It i s  i n t e r e s t i n g  t h a t  none of t h e  techniques reported by Abramovich 
use vector  addi t ion  of momentum f l ux  dens i t i e s  f o r  t h e  two flows. Good 
predic t ions  of j e t  behavior i n  coaxia l  and coplanar streams a r e  poss ib le  by 
t r e a t i n g  t he  stream as an i n f i n i t e  d i s t r i b u t i o n  of point  source j e t s  which 
may be  l i n e a r l y  combined with t h e  j e t  flow by add i t ion  of momentum f lux  d en s i t i e s  
(Naxwell, 1970). However Baron & Bollinger (1952) encountered d i f f i c u l t i e s  
with t h i s  method of combination when two j e t  flows in te r sec ted  a t  an angle 
t o  each other .  
Fan (1967) noted t h a t  i n  t h e  c l a s s i c a l  s t ud i e s  of a  j e t  discharg- 
ed  i n t o  a cross-flow t h e  contr ibut ion due t o  entrainment of crossflow momen- 
tum_was nnt included, He f ~ c l u R ~ , d  ent ra inxent  as we11 as pressure drag force 
i n  t h e  momentum equation i n  h i s  study of submerged a x i s yme t r i c  buoyant jets 
discharged i n t o  flowing ambient f l u i d s ,  
The flow of impinging j e t s  i n  i d e a l  f l u i d  has been discussed i n  
severa l  references  and so lu t ions  obtained, Milne-Thomson (1957) presents  
t he  problem of two  uniform streams meeting and branching i n t o  two other  
streams. A l l  t h e  streams a r e  bounded by f r e e  streamlines of constant  speed, 
As  a consequence t he  speed a t  i n f i n i t y  f o r  a l l  four  streams must be i den t i c a l .  
Assuming steady flow of t h i s  configurat ion t o  be poss ib le  he obta ins  t h r ee  
equations i n  four unknoms, He concludes t ha t  t h e  problem is  indeterminate 
and argues t h a t  t h i s  r e s u l t s  from the  non-consideration of t h e  i n i t i a l  condi- 
t i on s  f o r  the  flow, He app l i e s  the  genera l  so lu t ion  t o  severa l  spec i f i c  
cases: t h e  d i r e c t  impact of two equal jets and i t s  companion, t h e  impact of 
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a j e t  on an i n f i n i t e  plane; and t h e  d i r e c t  impact of two unequal Jet$, By 
app l i ca t ion  of t h e  p r i nc ip l e  of r e v e r s i b i l i t y  t h i s  l a t t e r  case becomes t h e  
problem of oblique impact of two equal  j e t s ,  In each of these  spec i f i c  
eases a d e f i n i t e  symmetry e x i s t s ,  providing one add i t iona l  r e la t ionsh ip  t o  
make the  problem exp l i c i t l y  solvablee  Milne - Thomson (1957) a l s o  dea l s  with 
t h e  problem of a stream impinging on a f ixed  wedge, and a s  a spec i a l  case ,  
t h e  impingement of a stream on a lamina f ixed a t  some angle t o  t he  asymptotic 
d i r e c t i on  of t h e  stream, 
Birkhoff and Zarantonello (1957) developed an a l t e r n a t e  general 
so lu t ion  t o  t ha t  developed by Milne - Thomson but again conclude t ha t  t h e  
problem i s  indeterminate except f o r  spec i a l  cases.  Since a l l  flows a r e  i n  
equil ibrium they note t h a t  "it i s  no t  c l e a r  what i s  t h e  condit ion,  i f  any, 
f o r  the  s t a b l e  equil ibrium of non-paral lel  impinging j e t s .  It may be t h a t  
all s ta t ionary  configurat ions a r e  unstable. ' '  They r e f e r  t o  an attempt by 
A.  Pa l a t i n i  (1916) t o  make t he  problem detenminate by introducing a comple-
mentary a r b i t r a r y  minimum energy hypothesis  which enzbled him t o  s h o ~  t h a t  
t h e  outgoing j e t s  must be s e t r i c  o r  p a r a l l e l .  
Birkhoff and Zarantonello (1957) a l s o  present  the  general  problem 
of impinging j e t s  i s su ing  from nozzles and again conclude t ha t  t h e  problem 
Es indeterminate using t h e  na tu r a l  physical  a s smp t ions .  Both of the  
general  so lu t ions  a r e  applied t o  s eve r a l  symmetric cases:  j e t  agains t  a 
e t r i c a l l y  irnlpinging j e t s  and impingement s f  p a r a l l e l  j e t s  from 
nozzles. 
Gurevich (1965) gives enkensive references t o  e a r l i e r  l i t e r a t u r e  
on impinging f r e e  j e t s  and discusses  t he  genera l  problem of two impinging 
jets, following t he  same general  ana ly s i s  a s  Milne - Thomson. He presents  
a de ta i l ed  discussion of severa l  s p e c i f i c  cases and develops e xp l i c i t  
so lu t i ons  when poss ib le ,  Be a l s o  sollves t h e  problem of a j e t  impinging on 
a wedge, and a s  a l im i t i ng  case  obta ins  t h e  so lu t ion  f o r  a j e t  impinging on 
an ln f  i n i t  e plane. 
Robertson (1965) a l s o  gives entens ive  references on j e t  analys is .  
H i s  development f o r  impinging j e t s  is  e s s en t i a l l y  t h e  same as t h a t  of Milne- 
Thornson and he a t t r i b u t e s  i t  t o  Michell (1890) and C i s o t t i  (1914) 
The problem of a jet ianpinging on a f l a t  p l a t e  o r  b a r r i e r  has 
.I-veeiL presen*~ by rn I \ ~ 9 ~ 2 ,\ a s  an example of t h e  appllcat ioi is  of thet ~ r ~ ~ r r c r ; r ; i/ ?  L 
mmen tm equation. 
111-1 
I11 THEORETICAL DEVELOPMENT 

Velocity measurements, to be described in a later section, were 

made in two perpendicular intersecting axisy-metric submerged jets to 

determine whether or not the combined flow could be predicted utilizing 

either vector addition of velocities or of momentum flux densities, How- 

ever, the measurements showed that backflows existed, indicating that 

neither of the methods under consideration was appropriate. An alternative 

simple model was developed to predict the axis of the combined forward flow. 

Measurements taken in jets with a variety of relative velocities and angles 

of intersection show that the simple model is adequate for predicting the 

axis of the combined flow. 

111-2 Simplified Model 

Because of the perpendicular orientation of the outlets, vector 
addition of either velocities or momentum flux densities would yield a 
field of resultant vecters eriented away frcm the outlets, with no barkflow. 
On the other hand, if each jet acted as though it had impinged on a barrier, 
some flow back toward the outlets could be expected, Such a flow field is 
illustrated on Figure 1, which shows a schematic representation of the flow 
field in the vicinity of the intersection of two axisymmetric submerged 
turbulent jets issuing from A and B. A number of simplifications will be 
introduced. First, entrainment of fluid external to the jets will be 
- - n,, , , '~, ,  , , = ? I  L, ,,,-C,,C CL,,--,L,-.C CL,  cl- , ,  ,,:,
aat=glrcbt=u, ut=raslLy wala vt= dssumcu CuLas L ~ L L L  L L I L U U ~ I I U U L  L L ~ CLIUW L ~ ~ L U L I .  
Variations of pressure will be assumed negligible and vortex regions driven 
by the jets will be ignored. Writing the momentum equation in the x-direction: 
Fig. 1 - Schematic Representation of Two Crossing Jets .  
~ ~ e ' cos Y + pQDUD B pQAUA - pQBUB cosm = 0~ O S  --
and the momentum equation in the y direction: 
yields a set of equations from which a solution cannot be determined with- 

out further simplifying assumptions. Recalling Palatini's (1916) minimum- 

energy condition which implied that the outgoing jets must be symmetric 

or parallel, together with preliminary supportive experimental evidence, 

the following simplifying assumption is made in this case: 

Eq .  P then yields: . 
Eq, 2 yields: 

QBUB sina 

sin f3 = 
Q D ~ D- QcUc 
combining Eq. 4 and Eq. 5 then results in the following solution: 

QBUB sina 

(3 = arctan QAUA + QBUB '0s' 
If the area of efflux at A is equal to the area of efflux at B, 

6 may be simplified to: 

B arctan 
This r e s u l t  i s  i den t i c a l  t o  t h a t  obtained by considering the  x ax i s  as 
an e f f e c t i ve  wall  o r  b a r r i e r  and balancing the  fo rces  i n  the  y d i rec t ion  
(see  Figure 2 ) .  The ana lys i s  i s  presented i n  Gurevich (1965), Eq.  6.25 
or Eskinazi (9962), Eq.  &19 which gives the  fo rce  on the  b a r r i e r  due t o  
j e t  A a s  
YA = -pUAQA s i n  f3 
and t ha t  due t o  j e t  B a s  
Y~ = pUBQB sin(a-B) (9) 
The sum of Y and YB is zero y ie ld ing t he  same r e s u l t  as Eq.  6.A 
111-3 

A pure water j e t  and a j e t  induced by an  a i r  bubble screen spread 
a t  qu i t e  d i f f e r en t  r a t e s .  For a water jet the spreading coe f f i c i en t ,  G, 
i s  0.081 (Albertson, D a i ,  Jensen and Rouse, 1950). The nominal width, b, 
of t h e  j e t  a t  any dis tance  downstream from t h e n o z z l e i s  then obtained by 
mult iplying t he  d is tance  by 0.081. 
For water j e t s  induced by point  bubble sources t he  nominal width 
of the  induced water j  e t  i s  given by (Tekeli & Maxwell, 1978) : 
which depth of i n j e c t o r  submergence; F = theQ 

source s t r eng th ;  Q = a i r  discharge r a t e ;  g',  gAp/p,  the  e f f e c t i v e  gravita-  
a 
t iona1  accelera t ion;  Ap = dens i ty  d i f fe rence  between a i r  and water; p = water 
densi ty;  P = 1+ -H (1 - Z/H) = s c a l e  f a c to r ;  ho = atmospheric pressure  h 
0 
expressed a s  a head of water; and z = v e r t i c a l  d i s t ance  above t he  i n j e c to r .  
Thus the  t o t a l  momentum f l ux  a t  t h e  ou t l e t  f o r  e i t h e r  j e t  w i l l  not necessar i ly  

come i n t o  p lay  i n  determining t h e  r e su l t an t  a x i s  of t h e  combined jets, i n  
t h a t  p a r t  of one jet may pass around t h e  nominal boundary o f t h e  o t h e r ,  
However, i f  i t  i s  assumed t h a t  t h e  f i lament  s f  maximum momentum 
fXux s f  cross-sectional.  a r e a  6A combines w i t h  the f i lament  of n x h m  momentum 
f l u x  s f  t h e  o the r  j e t  having t h e  same c ross - sec t iona l  a r e a ,  BA, Eq. 6 
w i l l  then y i e l d :  
2U 6A s i n  aBf3 = a r c t a n  [ 
U 
26A + UB26A cos a a A 
For a ho r i zon t a l  water j e t  ( s ub sc r i p t  A) c ross ing  a  v e r t i c a l  a i r  induced 
water  j e t  ( subsc r ip t  B) Eq. 11 s imp l i f i e s  t o  become: 
The va lue  of UA may be obta ined  from t h e  r e l a t i on sh i p  (Albertson e t  a l ,  1950) 
i n  which x = hor i zon ta l  d i s t ance  t o  t h e  induced j e t  a x i s ;  D = nozzle  
diameter;  and U = e f f l u x  v e l o c i t y  from t h e  nozzle.  
0 
The va lue  of UB may be obtained from t h e  r e l a t i o n s h i p  (Tekel i  
and Maxwell, 1978): 
2 PI5i n  which U = (g '  Qa)Q 
Combining Eqs. 12,  1 3  and 14  then y i e lds :  
IV-1. Experimental Objec t ives  
The experimental  ob j e c t i v e s  were two-fold: f i r s t ,  t o  develop an 
experimental  program t o  test t h e  v a l i d i t y  of t h e  approximate mathematical 
model developed i n  Chapter I11 f o r  t h e  p red ic t ion  of t h e  a x i s  of maximum 
v e l o c i t y  i n  a  flow f i e l d  r e s u l t i n g  from t he  i n t e r s e c t i o n  of two submerged, 
t u r bu l en t ,  axisyrmnetric jets. The second ob j e c t i v e  was t o  develop an ex- 
per imenta l  program t o  measure t h e  t r a j e c t o r y  of t h e  water  flow r e s u l t i n g  
from the i n t e r s e c t i o n  of  t h e  v e r t i c a l  flow induced by a submerged a i r  
source w i t h  a  ho r i zon t a l  water  jet .  
IV-2 ,  
For a por t ion  of t h e  experimental program v e l o c i t i e s  were measured 
i n  two i n t e r s e c t i n g  a i r  jets,  In t h e  remainder of t h e  program v e l o c i t i e s  
were measured i n  t h e  flow f i e l d  r e s u l t i n g  from t he  i n t e r s e c t i o n  of a  hor i -
zon ta l  water  jet and t h e  upward flow induced by an a i r  bubble source.  
A t  a  poin t  i n  t h e  flow f i e l d  r e su l t i ng  from t h e  i n t e r s e c t i o n  of 
two a i r  jets t h e  average d i r e c t i o n  of t h e  v e l oc i t y  v ec t o r  was observed 
us ing  a  f i n e  thread.  A p i t o t  tube was a l igned  i n  t h i s  d i r e c t i o n  and t h e  a i r  
v e l o c i t y  measured us ing  a  s lop ing  d i f f e r e n t i a l  water  manometer. The a i r  j e t s  
were perpendicular  t o  each o t he r  and had approximately t h e  same e x i t  v e l o c i t y .  
Each j e t  i ssued  from t h e  end of a  l eng th  of 3/16-in (4.8 mm) I D  copper tubing.  
The c en t e r s  of t h e  two o u t l e t s  were 49.5 m apa r t .  The average v e l o c i t i e s  
of e f f l u x  were 227 f t / s  (69.2 m/s) and 226 f t / s  (68.9 m/s). The magnitude 
of t h e  maximum ve loc i t y  a t  any s e c t i on  was t raced .  There was some i n i t i a l  
cu rva tu re  c l o s e  t o  t h e  o u t l e t s  but  the locusbecame l i n e a r  i n  a s m a l l  dam-
stream d i s t ance .  A s t r a i g h t  l i n e  f i t  t h i s  d a t a  w i t h  exce l l en t  co r r e l a t i on .  
In water jets and jets induced by air bubble sources thermal ane- 

mometry was used. The anemometer output, E (in volts) is (TSI - 1975) 
in which A and B = constants depending on flow properties; V = fluid velocity; 
p = fluid density;t, = sensor operating temperature; tf = fluid temperature; 
and n = an exponent which varies with velocity range and fluid and usually 
has a value about 2 ,  
If Eq. 16 is rearranged as follows: 
The calibration is essentially independent of temperature. Operating the 

sensor at constant temgerature t requires t to be dete 

S S 
This temperature can best be determined by operating the sensor at a constant 
temperature in a flow stream of constant velocity at two different tempera- 
tures and solving for t . The fluid temperature, tf was monitored both by
s 
thermocouple and mercury thermometers. It was found to be essentially uni- 
form and constant for any calibration experiment (+- 0.5 C0). The water 
d a s i t y  my theref~reh e  trezted as a constant and Eq. 17 may be simplified 
to 

Contamination of the sensor, either by dirt, other particles present 

in the fluid, or dissolved gases coming out of solution prevents long term 

stability in measurements. To reduce the susceptibility of sensors to 

contamination, city water was used in the reservoir and in the calibration 

system. In both cases the water was &aerate$ and the reservoir water was 

frequently filtered. The operating temperature of the sensor, ts, was kept 

low to avoid problems with gases coming out of solution, 

The equipment used for the velocity measurements is listed below: 

(i) TSI 1054 B Constant Temperature Linearized Anemoneter 
(ii) TSI 1056 Variable Decade Module 

(iii) TSI 1057 Signal Conditioner 

(iv) TSI 1051-6 Monitor and Power Supply Module 

(v) TSI 1239W Ruggedized Hemisphere Probe 

(vi) Tektronix Type 56A Oscilloscope 

(vii) YSI Tele-Themometer 

(viii) 	Teehi Rite TR-718 Nigh Speed Recorder 

(1x1 Digital voltmeter 

The digital voltmeter and the oscilloscope were used to continuously 

m~nitor the anemometer output during data acquisition. The high speed 

recorder was used to record the anemometer output. It was calibrated using 

constant voltage output from the anemometer power supply module prior to 

each set of measurements, The YSI Tele-Thermometer was used to measure water 

and af r temperatures. 

IV -3 ,  Calibration System for Probes 
The sensors were calibrated in a free water jet with an outlet of 
diameter 112-in, (le27cm), issuing from a pressurized tank. The tank was 
supplied from the laboratory's hot and cold water supply system. A precision 
mixing valve (ITT Lawler PX-9700) in the circuit allowed for control of the 
water temperature within +- 0.5~' of the setting, regardless of the pressure 
fluctuations in the supply lines, The water was deaerated using low pressure 
on the suction inlet to a recirculating pump (Maxwell and Holley, 1969). 

Each sensor was calibrated o ~ e r  the range 0.8 to 6.8 ft/s (24 to 207 

cm/s) at two different cOnstant water temperatures. The two calibrations 

were used to determine an average value for the sensor temperature, 

tS 

The two curves were then collapsed to a single curve by plotting E2/(t 
- tf)S 

versus V. The calibration system is illustrated in Figure 4.17 of Tekeli and 
Maxwell (1978). 
1Y.-4 Reservoir and Accessories 

The experiments involving water jets were conducted in a 30 w 15 w 4 

ft. deep vinyl-lined commercial pool. The pool was equipped with a filter 

and a deaerating system to minimize contamination problems during measurements 

with the thermal anemometer system. The pool was spanned by two independent 

mo~ablecarriages~~ne
for personnel and equipment, the other for instrumenta- 
tion. Bothcarriagesweremountedon floor rails and the instrument carriage 
was fitted with a probe support carriage which could be moved laterally on 
carriage rails. The elevation of the probe could be varied using a point 
gauge attached to the probe support carriage. At one end of the pool a 5 ft 
by 10 ft platform was provided to support pumps and other equipment associated 
with the piping system. The general layout is illustrated schematically in 
Figure 3 .  
IV-5. Experimental Measurements in Crossing Air Jets. 

The apparatus used for the study of crossing air jets is illustrated 

in Figure 4. Two identical 3/16-in. (0.475 cm) internal diameter copper 

tubes were used as nozzles and were mounted perpendicular to each other on 

a horizontal board. Each copper tube was connected to a 1 112-in. (3.8 cm) 

diameter pipe by means of tygon tubes. A 3/16-in. (0.475 cm) diameter orifice 
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Fig. 4 - Schematic Representation of Crossing Air 
Jet Apparatus 
was s e t  i n  t h e  1 112-in. l i n e  t o  meter t h e  flow. In  order  t o  maintain and 
monitor cons tant  p re s su re ,  a p re s su re  r egu l a t o r  and gauge were i n s t a l l e d  i n  
t h e  a i r  supply l i n e  upstream from t h e  1 l / 2 - in .  pipe.  A d i f f e r e n t i a l  water  
manometer was used t o  measure t h e  p res su re  drop ac ross  t h e  o r i f i c e  and t h e  
p res su re  on t h e  upstream s i d e  of t h e  p l a t e  was measured us ing  a  mercury 
manometer. 
Ve loc i t i e s  were measured us ing  a Dwyer p i t o t  tube wi th  an ex t e r na l  
diameter ~f 118-in, (0,318 em), This was msunted on 2 traversing mechanism 
cons t ruc ted  from two cross-connected po in t  gages, a r o t a t i n g  platform and 
a ho r i zon t a l  s i n g l e  r a i l  c a r r i age ,  Using t h i s  arrangement t h e  p i t o t  could 
be  moved i n  t h r e e  mutually perpendicular  d i r e c t i o n s  and t h e  co-ordinates 
recorded t o  wi th in  0,001 f t .  Moreover, t h e  r o t a t i n g  platform permit ted t h e  
P i t o t  t o  be r o t a t e d  without a l t e r i n g  t h e  l o c a t i on  of i ts  t i p ,  The p res su re  
d i f f e r e n t l a 1  ac ross  t h e  p i t o t  tube  w a s  measured us ing  a  water  manometer 
i n c l i n ed  a t  45'. Since t h e  p i t o t  tube  measurement i s  r e l a t i v e l y  i n s e n s i t i v e  
t o  yaw it w a s  a l igned  along t h e  time-average ve l oc i t y  vec tor  by observing 
t h e  behavior of a l i g h t  thread  he ld  nea r  t h e  p i t o t  tube t i p .  
Measurements were made holding a a t  90° and varying t h e  r e l a t i v e  
v e l oc i t y  of e f f l u x  from t h e  two nozzles .  Values of U /U i nves t iga t edA I! 
ranged from 0.48 t o  2.06. The maximum average e f f l u x  a i r  v e l o c i t y  w a s  303 
f t / s  (92 m/s) and t h e  minimum w a s  124 f t / s  (38 m/s).  Consequently, compress-
i b i l i t y  e f f e c t s  on v e l o c i t y  measurements downstream from t he  o u t l e t s  were 
gene ra l ly  n eg l i g i b l e .  On t h e  b a s i s  of pre l iminary  measurements t h e  i n s t r u -  
ment c a r r i a g e  was a l igned  approximately along t h e  a x i s  CD and t r ave r s e s  
normal t o  t h e  a x i s  were made a t  i n t e r v a l s  downstream from t he  conjunct ion 
--- --- 
of t h e  two a i r  streams, inc luding  t h e  back flow region .  The l o ca t i on s  of 
t h e  nozz le s  were recorded r e l a t i v e  t o  t h e  a x i s ,  The v e l o c i t y  t r ave r s e s  
w e r e  used t o  determine t h e  locus of t h e  m a x i m  ve l oc i t y .  There was some 
i n i t i a l  cu rva tu re  c l o s e  t o  t h e  o u t l e t s  bu t  t h e  locus became a s t r a i g h t  
P ine  in  a small downstream from t he  s t agna t ion  po in t .  A s t r a i g h t  l i n e  f i t  
t h i s  d a t a  wi th  exce l l en t  co r r e l a t i on  and gave t h e  d i r e c t i o n  of CD r e l a t i v e  
t o  t h e  o u t l e t  axes,  
IV-6.  Experimental Arrangement f o r  Crossing Water J e t s  
The experiments described i n  t h e  l a s t  s e c t i o n  were b r i e f l y  checked 
us ing  water  j e t s  t o  check whether o r  not  geometr ical  condi t ions  a t  t h e  nozzles ,  
o r  proximity of t h e  f r e e  su r face  would have any e f f e c t  on t h e  l o c a t i on  of 
t h e  a x i s  of combined flow. The experimental arrangement i s  i l l u s t r a t e d  i n  
F igure  3. Two i d e n t i c a l  b r a s s  f i r e  nozz les  were used; each was 12-in. 
(30.5 cm) long and converged from 2-in. (5.08 cm) t o  9/16 i n  (1.43 cm) in-  
s i d e  diameter .  These were loca ted  a t  t h e  cen te r  of t h e  pool a t  t h e  end of 
2-in (5 cm) diameter  p l a s t i c  p ipes  and were submerged approximately 2  f t .  
(61 cm) below t h e  f r e e  su r face .  The c en t e r s  of t h e  nozzles  were separa ted  
by 22 cm .  Water was withdrawn from t h e  r e s e rvo i r  by two i d e n t i c a l  s e l f -  
pririLus pumps and flows were measured us ing  a  c a l i b r a t e d  v e n t u r i  me t e r . i n  
each l i n e .  The p ipe  system was mounted on a  s t e e l f r ame  t o  maintain t h e  a l ign-  
ment w i t h  t h e  nozz le  axes perpendicular  t o  each o t he r .  The nozzles  were 
symmetric about t h e  pool a x i s  and t h e  p ipe  mountings permi t ted  t h e  nozzles  
t o  be ad jus t ed  s o  t h a t  t h e i r  axes were ho r i zon t a l ,  and i n  t h e  same ho r i zon t a l  
plane.  
PV-7 

For t h i s  s e t  of experiments one of t h e  nozzles  descr ibed  i n  t h e  
previous s e c t i o n  was used f o r  t h e  water  j e t .  The 2-in. ( 5  cm.) p l a s t i c  p ipe  
was a l igned  along t h e  long a x i s  of t h e  pool.  Flow was aga in  metered using 
one of t h e  c a l i b r a t e d  v e n t u r i  meters .  The nozzle  o u t l e t  was loca ted  a t  
t h e  cen te r  of t h e  r e s e r v o i r ,  a l igned  h o r i z o n t a l l y  and submerged approximately 
2- f t .  (61 cm). 
The a i r  system f o r  t h e  a i r  bubble screen  cons is ted  of a c y l i n d r i c a l  
sandstone i n j e c t o r  connected t o  a  b a f f l e d  r e s e r v o i r .  The s idewal l  of t h e  
sandstone was sea led  and a i r  bubbles i s sued  from t h e  c i r c u l a r  top sur face .  
The r e s e r v o i r  w a s  introduced between t h e  a i r  supply and t h e  i n j e c t o r  t o  
damp f l u c t u a t i o n s  i n  t h e  i n j e c t o r  d ischarge .  The a i r  supply was taken from 
t h e  l a b o r a t o r y ' s  a i r  d i s t r i b u t i o n  system. The a ir  pressure  w a s  con t ro l l ed  
+LA - 4 - 4*by a press-are ---..-I-'--LLIC ,=mperature w a s  determined using a YSIL C ~ U A ~ L V ~  aIL 
sensor  embedded i n  t h e  f low l i n e  and discharges  were measured using a  tri-
f l a t  v a r i a b l e  a r e a  flow meter (F isher  and P o r t e r :  2 - ~ 1 / 4- 20 - 5/36).  
The a i r  was piped through 1/4" O.D. r i g i d  copper tubes  and tygon tubes t o  
t h e  i n j e c t o r  r e s e r v o i r .  The p res su re  i n  both  t h e  r e s e r v o i r  and supply l i n e  
was monitored and recorded during each measurment. D e t a i l s  of t h e  i n j e c t o r  
and r e s e r v o i r  may b e  found i n  Figs.  4.15 and 5.16A of Tekel i  & Maxwell (1978). 
The h o r i z o n t a l  s epa ra t ion  between t h e  water  nozz le  and t h e  a i r s t o n e  was 11.7 
nozzle diameters;  t h e  v e r t i c a l  s e p a r a t i o n  was 9.0 diameters  ( see  Fig. 5 ) .  
IV-8 Al ignmentof  Nozzles 
The h o r i z o n t a l  alignment of t h e  d ischarge  nozzles  has  t o  be done 
very c a r e f u l l y  because of t h e  extreme s e n s i t i v i t y  of t h e  flow p a t t e r n  t o  
small  angular  dev ia t ions  from t h e  h o r i z o n t a l  (Maxwell and Pazwash, 1973). 
Fig. 5 - Rela t ive  Pos i t ions  of Water J e t  Nozzle and A i r  
Bubble Source, 
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It i s  not  s u f f i c i e n t ,  f o r  example, t o  make t h e  top of t h e  connecting p ipe  
p a r a l l e l  t o  t h e  f r e e  s u r f a c e ,  nor t o  assume t h a t  t h e  nozzle  bore i s  concent r ic .  
The nozzle  must be  s e t  h o r i z o n t a l  by t r a c i n g  t h e  a x i s  of maximum v e l o c i t y  
downstream from t h e  nozzle  and changing t h e  alignment t o  make s u r e  t h a t  t h e  
a x i s  i s  p a r a l l e l  t o  t h e  f r e e  sur face .  In t h e  experiments wi th  t h e  a i r  induced 
bubble screen  t h e  sandstone a i r  i n j e c t o r  was c a r e f u l l y  a l igned  v e r t i c a l l y  
below t h e  measured water  je t  a x i s  us ing  a  po in t  gage. 
PV-9 Experimental Procedure f o r  Crossing Water J e t s  
To i n s u r e  uni formi ty  of background temperature i n  t h e  r e s e r v o i r  
and establ ishment  of t h e  flow both water  j e t  pumps were operated f o r  about 
h a l f  an hour before  s t a r t i n g  measurements, The water  temperature and 
v e n t u r i  meter p re s su re  drops were recorded. The high speed recorder  was 
c a l i b r a t e d  and t h e  proper  opera t ing  r e s i s t a n c e  s e t  f o r  t h e  sensor .  The 
sensor  s i g n a l  w a s  both recorded on t h e  high speed r eco rde r  and monitored 
using the  osc i l l o scope  and d i g i t a l  vol tmeter .  Veloc i ty  t r a v e r s e s  were 
made a t  cons tant  depth z a t  f i v e  d i f f e r e n t  l oca t ions  along t h e  x-axis 
( s e e  Fig. 2 ) .  A t  each measurement po in t  t h e  s i g n a l  was recorded f o r  60 
sec .  before moving t o  t h e  next  poin t .  The experiment was conducted f o r  
two va lues  of d ischarge  r a t i o  Q*/Q~. 
The anemometer output  was averaged by eye from t h e  recorder  out- 
pu t  f o r  each measurement po in t  and t h e  va lue  obtained added t o  t h e  sup- 
pressed vo l t age  of t h e  s i g n a l  condi t ioner  t o  g e t  t h e  t o t a l  time averaged 
vo l t age  output  of t h e  anemometer. The c a l i b r a t i o n  curve then gave the  time 
average v e l o c i t y ,  
Each t r a v e r s e  was p l o t t e d  t o  determine t h e  l o c a t i o n  of t h e  maxi- 
mum v e l o c i t y .  The locus  of t h e  maximum v e l o c i t y  was p l o t t e d  and a l e a s t  
IV - 1 0  
squares straight line fitted through the data points. The angle that this 

line made with the axis of either of the two nozzles could then be determined 

from the plot, 

he reservoir was thoroughly mixed by running the water jet and 

bubble screen for about half an hour before starting measurements. Para-

meters measured and recorded were: reservoir water temperature, injected 

air temperature, pressure in the air line to the Tri-Flat Flowmeter, 

pressure in the air reservoir, pressure differential across the venturi 

meter, flow rate of the air and the anemometer signal. The signal from 

the anemometer was trea.ted in the same way as described in the previous 

section. The resultant jet of water and air bubbles was traversed at 

increments of 0.01 ft along the z axis (see Fig. 5) for a constant value 

of y and for four different values of x. This was repeated for different 

ratios of air to water discharge rate. All values of air discharge were 

transformed to STP conditions. The data were analyzed in the same way 

as for crossing water jets. However, in this case the slope of the least 

squares line fitted through the data defines the angle between the axis 

of the water jet, which was horizontal, and the axis of maximum velocity. 

DISCUSSION 
A s  noted e a r l i e r ,  because of t h e  perpendicular  o r i e n t a t i o n  of 
t h e  a i r  j e t  o u t l e t s  (o r  water  j e t  o u t l e t s )  v e c t o r  add i t i on  of e i t h e r  
v e l o c i t i e s  o r  momentum f l u x  d e n s i t i e s  would y i e l d  a f i e l d  of r e s u l t a n t  
v e c t o r s  o r i en ted  away from t h e  o u t l e t s ,  w i th  no backflow. On the  o the r  
hand, i f  each j e t  behaved a s  though it  had impinged on a b a r r i e r  o r  wa l l  
between t h e  two j e t s  - s e e  Fig.  2 ,  some flow back toward t h e  o u t l e t s  
could be expected. Figure 6 shows t h e  r e s u l t s  of measurements of v e l o c i t y  
along what has  been denoted as t h e  x-axis i n  F ig .  2. The o r i g i n  of t h e  
co-ordinate measured along t h e  x-axis i n  Fig.  2  has  been a r b i t r a r i l y  s e t  
a t  t h e  l o c a t i on  of maximum d om s t r e m  ve l oc i t y .  The measurements c l e a r l y  
show t h e  ex i s t ence  of a s t agna t ion  poin t  and a  r eg ion  of backflow, The 
c ross ing  j e t s  t h e r e fo r e  behave a s  though each had impinged on a  b a r r i e r ,  
suggest ing t h e  s impl i f i ed  mathematical ana l y s i s  proposed i n  Chapter 111-2. 
A s  we l l  as t h e  experiments described h e r e i n  previous  measurements 
by Baron and Bol l inger  (1952) were ava i l ab l e  f o r  p a r a l l e l  nozz les  (a = O), 
wi th  uA/IJB= 0.5; f o r  a = 14.1, 21.7, 24.5, 34, 46 and 60 degrees wi th  
uA/uB= 1; for = 34 degrees cA/EB = 2. The data co l lec ted  by 
Baron and Bol l inger  as we l l  a s  t hose  co l l e c t ed  as p a r t  of t h e  present  
i nve s t i g a t i on  f o r  both  a i r  and water  j e t s  a r e  p l o t t e d  on Figure  7 t o  per- 
m i t  comparison of t h e  measured ang le  f3 wi th  t h a t  p red ic t ed  by Eq. 7 .  
c l e a r l y ,  t h e  r e l a t i on sh i p  given by Eq.  7 g ives  exce l l en t  agreement over 
a wide range of experimental condi t ions .  
V -2 Crossing Water J e t  and Bubble Screen 
The approximate r e l a t i o n s h i p  developed i n  Eq. 15 could only be 

Measured 8 ,  deg ree s  
F ig .  7 - Comparison of Experimental Measurements w i t h  Approximate Analytic 
Models for A x i a l  Direction of Resultant Flow. 
t e s t e d  over  a l im i t e d  range  of c ond i t i on s  because of t h e  l a b o r a t o r y ' s  
l im i t e d  compressed a i r  supply; t h e  need t o  keep water  v e l o c i t i e s  h igh  
enough f o r  a c cu r a t e  measurement, and t h e  l im i t ed  s i z e  of t h e  r e s e r v o i r .  
The r e s u l t s  have Seen p l o t t e d  on F i g ,  7 and t h e  apparen t  agreement 
between Eq. 15 and experiments  appea r s  t o  be very good. However, because 
of t h e  l im i t ed  range t h e  r e s u l t s  are t a bu l a t ed  i n  Table  1, below: 
TABLE 1 - Comparison of Eq. 15 Computation w i t h  
Experimental  Measurements. H = 3.132 f t ,  
z = 0.413 f t  
For t h e  l im i t ed  range  of r e l a t i v e  d i s cha rges  covered t h e  agree- 
ment i s  good and i t  may be  q u a l i t a t i v e l y  concluded from t h e  experimental  
measurements t h a t  t h e  two c r o s s i ng  f lows  appear  t o  combine i n  t h e  same 
way as c ros s ing  f lows of t h e  same f l u i d .  
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The locus  of t h e  maximum v e l o c i t y  downstream from t h e  i n t e r s e c t i o n  
accuracy us ing  t h e  approximate ana l y s i s  r e s u l t i n g  i n  Eq.  7 ,  This  conclusion 
is based upon comparison of experimental  r e s u l t s  over  a wide range of 
condi t ions .  
Experiments i n d i c a t e  t h a t  a c ross ing  water  jet and t h e  f low 
Lnduced by an a x i s  e t r i c  a i r  bubble source  combine q u a l i t a t i v e l y  i n  
t h e  same way as two cross ing  jets of t h e  same f l u i d .  The a x i s  of t h e  
combined flow was found t o  agree  we l l  w i th  t h e  approximate a n a l y s i s  r e s u l t -  
i ng  i n  Eq. 15; how.ever, t h e  range of experimental  cond i t ions  was ve ry  small .  
Fur ther  experimental d a t a  i s  needed on t h e  i n t e r s e c t i o n  of a sub-
merged v e r t i c a l  a i r  bubble screen  and a ho r i zon t a l  water  j e t .  The range 
of r e l a t i v e  d ischarges  of a i r  and water needs t o  be extended. It would 
a l s o  be  of i n t e r e s t  t o  conduct e x p e r b e n t s  i n  which t h e  r e l a t i v e  l o c a t i on s  
of t h e  a i r  source and water  jet a r e  v a r i ed ,  
There i s  a need f o r  f u r t h e r  work t o  determine how t o  p r e d i c t  
t h e  combined flow f i e l d  i n  i t s  e n t i r e t y  r a t h e r  than focus only  on t h e  
a x i s  of maximum ve loc i t y  and t o  extend t h e  r e s u l t s  t o  p r a c t i c a l  appl ica-  
t i o n s  such a s  cool ing  water  d ischarges  i n t o  c ross-currents  i n  streams 
o r  r e s e r v o i r s ,  
Abramovich, G -N . ,  , M,I,T. Press, Cambridge, 
Massachusetts, 1963, 

Ldbertson, M,L., Dai, Y ,B . ,  Jensen, R.A., and Rouse, H., '"Diffusion of 
Submerged Jets," Transactions, ASCE, Vo1. 115, Paper No* 2409, P950, 
pp. 639-697. 
Baron, T o y  and Bollinger, E. H., "Mixing of High-Velocity Air Jets," 

Technical Report -3, University of Illinois Engineering Experiment 

Station, Urbana, Illinois, March 1952, 

Birkhoff, G., and ZarantonePPo, EoHo9 Jets, Wakes, and Cavities, Academic 

Press, New York, New York, 1957, 

Cisotti, U., ''Vene C~nfluenti,~~ 
Annali di Matematica Pura ed Apglicata, 

Sere 3, Vol. 23, 1914, pp. 285-340. 

Eskinazi, S., , Allyn and Bacon Inc., 
Boston, Hassachusetts, 1962. 

Fan, Lo-N., '"urbulent Buoyant Jets into Stratified or Flowing Ambient 

Fluids," Report No. KH-R-15, W.M. Keck Laboratory of Hydraulics and Water 

Resources, California Institute of Technology, Pasadena, California, 

June 1967, 196 pp. 

Gurevich, M e I o ,  , Academic Press, New York, 
New York, 1965. 
Maxwell, W.H. C. , "Flux Development Region in Submerged ~ e t s  ,"Journal of 
the Engineering Mechanics Division, ASCE, Vole 96, No. EM6, Proc. Paper 

7756, December, 1970, pp. 1061-1079. 

Maxwell, W.H.C., and Holley, E o R o ,  "A Nethod for Aerating Water," Journal 
of the Hydraulics Division, ASCE, Vol, 95, No. HYl, Proc. Paper 6326, 
January, 1969, pp, 577-580; 
Maxwell, WeH.Co9 and Pazwash, H., "Axis etric Shallow Submerged Turbulent 

~ets," Journal of the Hydraulics Division, ASCE, Vol. 99, No. HY4, Proc. 

Paper 9675, April, 1973, pp. 637-652. 

Michell, J .H . ,  "On the Theory of Free Streamline,!' Phiiosophicai Transac- 
tions of the Royal Society of London, Vol.  M81, 1890, pp. 389-431. 
Milne-Thomson, L.M., Theoretical Hydrodynamics, Third Ed., The MacMillan 

Company, New York, New York, 1957. 

Palatini, A., Atti 1st. Veneto Sci., Vol, 75, 1916, pp. 451-453 

Robertson, 9. Me, Prentiee-Hall 
Inc., Englewood Cliffs, N.  J., 1965-
Tekeli, S., and Maxwell, W. H.C. , "Behavior of Air Bubble Screens, " 
University of Illinois, IIydraulic Engineering Research Series No. 33,  
September 1998, 190 pp, 
Thermo-Systems Inc. (TSI), "Anemometer S y ~ t e m s , ~ ~  
St, Paul, Minn., 1975- 

